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We investigate instability of 4-dimensional Reissner-Nordstro¨m-anti-de Sitter (RN-AdS4) black
holes with various topologies by charged scalar field perturbations. We numerically find that the
RN-AdS4 black holes become unstable against the linear perturbations below a critical temperature.
It is analytically shown that charge extraction from the black holes occurs during the unstable
evolution. To explore the end state of the instability, we perturbatively construct static black hole
solutions with the scalar hair near the critical temperature. It is numerically found that the entropy
of the hairly black hole is always larger than the one of the unstable RN-AdS4 black hole in the
microcanonical ensemble. Our results support the speculation that the black hole with charged
scalar hair always appears as the final fate of the instability of the RN-AdS4 black hole.
PACS numbers: 04.70.Bw, 04.70.Dy, 11.25.Tq
I. INTRODUCTION
Motivated by a holographic model of superconduc-
tors, there has been renewal of interest in the Einstein-
Maxwell-scalar system in asymptotically anti-de Sitter
spacetime. The model is constructed by a gravita-
tional theory of a charged complex scalar field coupled
to the Maxwell field (for review, see Refs. [1–3]) via
AdS/CFT (anti-de Sitter/conformal field theory) dual-
ity [4]. According to the AdS/CFT dictionary, a conden-
sate in the holographic superconductor is described by a
hairly black hole dressed with the charged scalar field. It
was numerically found that the hairly black hole exists
below a critical temperature Tc in the plane-symmetric
spacetime and the phase transition is second-order [5].
For a gravity system minimally coupled with a neutral
scalar field, it is well known that the scalar field perturba-
tion with mass satisfying Breitenlohner-Freedman (BF)
bound does not cause any instabilities of AdS space-
time [6]. So, even though a black hole solution with the
scalar hair exists in asymptotically AdS spacetime [7],
Schwarzschild-AdS (Sch-AdS) spacetime should be sta-
ble against the scalar field perturbations if BF bound is
satisfied. In 4 and 5-dimensional N = 8 gauged super-
gravities, this speculation was supported by the numeri-
cal calculation that the entropy of the Sch-AdS black hole
is larger than the one of the hairly black hole in the micro-
canonical ensemble [8]. In this paper we investigate how
this picture is modified in the gravity system minimally
coupled with a charged scalar field with mass satisfying
BF bound. As discussed in Ref. [9], RN-AdS black hole
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with low temperature may be unstable against the per-
turbation of the charged scalar field since the effective
mass of the scalar field is negative near the horizon. So,
we naively expect that a black hole with the scalar hair
appears as the final fate of the instability even though
BF bound is satisfied.
In AdS spacetime, the Dirichlet boundary condition
is usually imposed at spatial infinity when we consider
the dynamical evolution. Under the boundary condition,
energy flux and charge current do not enter through the
infinity, and therefore, the total mass and charge of the
spacetime are conserved during the dynamical evolution.
So, if RN-AdS4 black hole evolves to the hairly black
hole as the end state of the instability, the entropy of the
hairly black hole should be larger than the one of RN-
AdS4 black hole in the microcanonical ensemble due to
the second law of black hole.
To explore the above speculation we first investigate in-
stability of RN-AdS4 black holes with various topologies
of horizon by charged complex scalar fields with various
mass satisfying BF bound. Second, we numerically show
that the entropy of the hairly black hole is always larger
than the one of RN-AdS4 black hole whenever the RN-
AdS4 black hole is unstable. An analytic calculation also
shows that charge is extracted from the unstable black
hole via the charged scalar field.
The plan of our paper is as follows: In Sec. II, we
investigate the lowest quasi-normal (QN) frequencies of
RN-AdS4 black holes both numerically and analytically
near the second order phase transition. In Sec. III, we
construct the hairly black hole solutions by solving the
field equations perturbatively near the phase transition.
The entropy of the hairly black hole is numerically cal-
culated by using the first law of black hole. Conclusion
and discussions are devoted to Sec. IV.
2II. QUASI-NORMAL FREQUENCIES NEAR
THE SECOND ORDER PHASE TRANSITION
We consider the Lagrangian density of Einstein-
Maxwell-scalar system in 4-dimensional asymptotically
anti-de Sitter (AdS4) spacetime:
L = R+
6
L2
−
F abFab
4
−m2|ψ|2 − |Dψ|2,
Da = ∇a − iqAa, Fab := ∂aAb − ∂bAa (2.1)
where L, m, and q are the AdS radius, the mass, and
the charge of the complex scalar field, respectively. The
equations of motion are given by
DaD
aψ = m2ψ, (2.2a)
∇aFb
a = jb, ja = iq [(Daψ)
†ψ − (Daψ)ψ
†], (2.2b)
Gab =
3gab
L2
+
1
2
FacFb
c −
gab
8
F 2 −
m2
2
|ψ|2gab
−
gab
2
|Dψ|2 +
1
2
[Daψ(Dbψ)
† + (Daψ)
†Dbψ]. (2.2c)
The simple solution of the equations are given by
Reissner-Nordstro¨m (RN)-AdS4 black hole solutions with
various curvature of horizon. The metric is given by
ds2 = −f(r)dt2 +
dr2
f(r)
+ r2dΩ22, (2.3a)
f(r) = k −
2M
r
+
ρ2
4r2
+
r2
L2
=
1
L2r2
(r − r+)(r − r−)(r
2 + ar + b), (2.3b)
a := r+ + r−, b := kL
2 + (r+ + r−)
2 − r+r−,
T =
(r+ − r−)(r
2
+ + ar+ + b)
4πL2r2+
, (2.3c)
where dΩ22, r+ (r−), and T are the metric of 2-
dimensional Einstein space with constant scalar cur-
vature 2k (k = 0, ±1), the outer (inner) horizon ra-
dius, and the Hawking temperature, respectively. The
mass (charge) parameter M (ρ) corresponds to the total
mass (charge) for k = 1 and the mass (charge) density
for k = 0, −1, respectively. These two parameters are
rewritten in terms of r±, L, and k as
ρ = 2
√
r+r−(kL2 + (r+ + r−)2 − r+r−)
L2
, (2.4a)
M =
r+ + r−
2L2
(kL2 + r2+ + r
2
−), (2.4b)
and the gauge potential Aµ is given by
Aµdx
µ = Φ(r)dt = ρ
(
1
r+
−
1
r
)
dt. (2.5)
We obtain the lowest quasi-normal (QN) frequencies of
RN-AdS4 black holes by considering perturbation of the
solutions. Since ψ = 0 on the RN-AdS4 solutions, the
scalar perturbation decouples from the perturbations of
the other fields. So, we solve Eq. (2.2a) for the fixed
metric (2.3a) and the gauge potential (2.5). Near the
horizon, ψ behaves as
ψ∓ ∼ e
−iωt(1 − u)∓γωi, γ =
L2r2+
(r+ − r−)(r2+ + ar+ + b)
,
(2.6)
where u is defined by u := r+/r. From the retarded
condition, we must impose the “ingoing wave” bound-
ary condition: ψ ∼ ψ− on the horizon. Defining a new
variable Ψ as
ψ(t, u) = e−iωt(1− u)−γωiΨ(u), (2.7)
Eq. (2.2a) is written as
Ψ′′(u) +
(
2γωi
1− u
+
f ′(u)
f(u)
)
Ψ′(u)
+
[
γωi
1− u
(
f ′(u)
f(u)
+
γωi+ 1
1− u
)
+
r2+
u4f2(u)
(ω + qAt)
2 −
r2+m
2
u4f(u)
]
Ψ(u) = 0, (2.8)
f(u) =
r2+
L2u2
(1 − u)
(
1−
r−
r+
u
)(
1 +
a
r+
u+
b
r2+
u2
)
,
where a prime denotes the derivative with respect to u.
In terms of this variable Ψ, the “ingoing wave” boundary
condition is described by the regularity condition:
Ψ(u) is regular atu = 1. (2.9)
Near the spatial infinity, Ψ behaves as
Ψ(u) = c1u
∆+ + c2u
∆
− , ∆± =
3
2
±
√
9/4 + L2m2,
(2.10)
where Breitenlohner-Freedman (BF) bound [6] is repre-
sented by m2 ≥ −9/4L2. Since we are concerned with
the time evolution under which both the mass (or mass
density) M and the charge (or charge density) ρ are con-
served, we shall impose Dirichlet boundary condition at
infinity 1:
Ψ(u) ∼ u∆+ . (2.11)
According to the critical slowing down phenomenon,
the lowest QN frequencies ω should approach zero toward
1 When −9/4L2 ≤ m2 < −5/4L2, there are two normalizable
modes. So, imposing c1 = 0 instead of c2 = 0 is also possi-
ble as the boundary condition. It is well known, however, that
the boundary condition in which neither c1 nor c2 vanishes is
unphysical since the spacetime is unstable [12].
3the second order phase transition T = Tc [10, 11]. This
implies that one can expand the solution of Eq. (2.8) as
Ψ(u) = Ψ0(u) + ωΨ1(u) +O(ω
2) (2.12)
near the phase transition, where Ψ0(u) is the marginally
stable solution. Denoting the deviations from the phase
transition as
r+ = rc + δr+,
γ = γc + δγ,
f(u) = fc(u) + δf(u),
Φ(u) = Φc(u) + δΦ(u), (2.13)
we write down the equations for Ψ0(u) and Ψ1(u) as
LΨ0(u) = 0, (2.14)
L(ωΨ1) = j1(u), (2.15)
where the differential operator L and the source term j1
are defined by
L :=
d2
du2
+
f ′c(u)
fc(u)
d
du
+
r2c
u4fc(u)
(
q2Φ2c(u)
fc(u)
−m2
)
,
(2.16)
Re[j1] :=
2γcωI
1− u
Ψ′0(u)− δ
(
f ′(u)
f(u)
)
Ψ′0(u)
+
[
γcωI
1− u
(
f ′c(u)
fc(u)
+
1
1− u
)
−
2q2rcΦ
2
c(u)
u4fc(u)
δ
(
r+
f(u)
)
−
2qωRr
2
c
u4f2c (u)
Φc(u)−
2q2r2cΦc(u)δΦ(u)
u4f2c (u)
+
2m2rcδr+
u4fc(u)
−
m2r2cδf(u)
u4f2c (u)
]
Ψ0(u), (2.17a)
Im[j1] := −
γcωR
1− u
[
2Ψ′0(u) +
(
f ′c(u)
fc(u)
+
1
1− u
)
Ψ0(u)
]
−
2qωIr
2
c
u4f2c (u)
Φc(u)Ψ0(u) (2.17b)
for ω = ωR+ iωI. To derive Eq. (2.17), we assumed that
Ψ0 is a real function of u without loss of generality.
To derive ω from Eq. (2.15), let us define the inner
product as
〈 ψa | ψb 〉 :=
∫ 1
0
ψ†a(u)ψb(u)du (2.18)
for any functions ψa satisfying both boundary condi-
tions (2.9) and (2.11). Under these boundary conditions,
the differential operator Lˆ := fc(u)L is shown to be an
Hermite operator and by Eq. (2.14) we obtain
〈 jˆ1 | Ψ0 〉 = 〈 LˆΨ1 | Ψ0 〉 = 〈 Ψ1 | LˆΨ0 〉 = 0, (2.19)
where jˆ1(u) := fc(u)j1(u)/ω. The real and imaginary
parts of Eq. (2.19) yield the lowest QN frequencies ω as
ωR = −
2qrcωI
Ψ20(1)
∫ 1
0
Φc(u)Ψ
2
0(u)
u4fc(u)
du, (2.20a)
ωIrc
[
Ψ20(1) +
4q2r2c
Ψ20(1)
(∫ 1
0
Φc(u)Ψ
2
0(u)
u4fc(u)
du
)2]
=
1
2
∫ 1
0
δ
(
f ′(u)
f(u)
)
fc(u){Ψ
2
0(u)}
′du
+ 2q2rc
∫ 1
0
Ψ20(u)
u4
δ
(
r+
f(u)
)
Φ2c(u)du
+
∫ 1
0
Ψ20(u)
u4fc(u)
[
q2r2cδ(Φ
2(u))−m2f2c (u)δ
(
r2+
f(u)
)]
du.
(2.20b)
It is noteworthy that ω is independent of the absolute
amplitude of Ψ0(1) and it is determined by solving only
the leading order equation (2.14).
Hereafter, we shall fix L to L = 1. Then, from
Eqs. (2.3c) and (2.4), r± and T are functions of M for
given k and ρ. So, for the sake of later convenience, we
shall define the deviation parameter from the second or-
der phase transition as
ǫ :=
Mc −M
Mc
, (2.21)
whereMc is the mass at the critical temperature T = Tc.
Since M is locally a smooth function of k, ρ, and T , ǫ
approaches zero in the limit T → Tc. From Eqs. (2.4)
δr± is related to ǫ as
δr− = −
r∗c (kL
2 + 3r2c + 2rcr
∗
c + r
∗
c
2)
rc(kL2 + 3r∗c
2 + 2rcr∗c + r
2
c )
δr+ (2.22a)
and
δr+ = −
(rc + r
∗
c )(kL
2 + r2c + r
∗
c
2)ǫ
(kL2 + 3r2c + 2rcr
∗
c + r
∗
c
2)(1 − r∗c/rc)
, (2.22b)
where r∗c is the inner horizon radius r− at T = Tc. To
derive Eq. (2.22), we impose the condition that ρ is con-
stant along the deviation.
For a generic value ofM both of the two boundary con-
ditions (2.9) and (2.11) are not necessarily satisfied, as
Eq. (2.14) is the second order linear differential equation.
By using Mathematica, we numerically scan through pos-
sible values of M until the two boundary conditions are
satisfied and find Mc for given m, q, k, and ρ. Then,
representing δf , δΦ, and δr+ by ǫ via Eqs. (2.22) and
integrating Eqs. (2.20) numerically, we obtain ωI .
Since all the deviations are proportional to ǫ, ω is also
proportional to ǫ, in agreement with the critical slowing
down [10, 11]. We find that ωI becomes positive (nega-
tive) for ǫ > 0 (< 0), independent of k, q, and m2. In
Fig. 1 we plot q-dependence of the dimensionless quantity
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FIG. 1: (color online). The q-dependence of −r2cωI/δr+ is
shown for various k in the case of m2 = −2/L2 and ρ = 2.
The star, box, and diamond represent k = 1, k = 0, and
k = −1, respectively.
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FIG. 2: (color online). The q-dependence of −r2cωI/δr+ is
shown for several m2 in the case of k = 0 and ρ = 60. The
star, box, and diamond represent m2 = −2/L2, m2 = 0, and
m2 = 7/4L2, respectively. At the left edge of each plot, the
RN-AdS4 black holes become almost extremal.
−r2cωI/δr+ for various k in the case of m
2 = −2/L2 and
ρ = 2. In Fig. 2, we plot q-dependence of −r2cωI/δr+
for several m2 in the case of ρ = 60. These figures
show that RN-AdS4 black holes become unstable against
the linear perturbation of the complex scalar field when
T < Tc (ǫ > 0),
2 as ǫ/δr+ < 0, independent of k and
m2.
The charge current through the horizon is calculated
by contracting ja in Eq. (2.2b) with the killing vector
ka = (∂t)
a, which is null on the horizon. By Eq. (2.20a),
2 We assumed that ǫ > 0 for T < Tc. This corresponds to the
assumption that the specific heat of the RN-AdS4 black hole is
positive at T = Tc.
we obtain
jak
a|r=rc = 4q
2rcωIe
2ωIt
∫ 1
0
Φc(u)Ψ
2
0(u)
u4fc(u)
du, (2.23)
which shows that jak
a|r=rc is positive when ωI > 0. This
implies that charge extraction occurs from the RN-AdS4
black hole when it is unstable.
III. THE ENTROPY FOR HAIRLY BLACK
HOLES
In this section, we investigate the final fate of the in-
stabilities found in Sec. II by calculating the entropy of
the hairly black holes. We start by constructing the
static hairly black hole solutions near the phase tran-
sition. Near the phase transition, the equations of mo-
tion (2.2) can be perturbatively solved since the scalar
field ψ is very small. To solve the perturbed equations
easily, we adopt a coordinate system {T, y} where the
location of the horizon is set to be y = 1. So, we shall
take the following ansatz for the metric and the gauge
field:
ds2 = −g(y)dT 2 +
dy2
g(y)
+R2(y)dΩ22, (3.1a)
Aµdx
µ = φ(y)dT. (3.1b)
Assuming that ψ is real without loss of generality, the
scalar and Maxwell equations (2.2a) and (2.2b) are re-
duced to the two coupled differential equations:
gψ′′ +
(
2gR′
R
+ g′
)
ψ′ +
q2φ2ψ
g
= m2ψ, (3.2a)
φ′′ +
2R′
R
φ′ =
2q2φψ2
g
, (3.2b)
where a prime denotes the derivative with respect to y.
The metric functions g and R are obtained by solving the
Einstein equations (2.2c):
R′′
R
= −
q2φ2ψ2
2g2
−
ψ′2
2
, (3.3a)
R′
R
g′ =
k
R2
−
gR′2
R2
+
3
L2
−
1
4
φ′2 −
1
2
m2ψ2
+
1
2
gψ′2 +
q2
2g
φ2ψ2. (3.3b)
As shown in Refs. [13, 14], we can expand the functions
ψ, g, R, φ, and temperature T near the second order
phase transition as
ψ(y) = ǫ1/2ψ1(y) + ǫ
3/2ψ2(y) + · · · ,
g(y) = gc(y) + ǫ g1(y) + · · · ,
R(y) = rcy + ǫR1(y) + · · · ,
φ(y) = φc(y) + ǫ φ1(y) + · · · ,
T (ǫ) = Tc + ǫT1 + · · · . (3.4)
5The zeroth order solutions gc(y) and φc(y) are simply
given by the coordinate transformation:
r = rc y, t = T/rc (3.5)
of the RN-AdS4 black hole solution (2.3) as
gc(y) =
1
L2y2
(y − 1)(y − r∗c/rc)
(
y2 +
a
rc
y +
b
r2c
)
,
(3.6a)
φc(y) =
ρ
r2c
(
1−
1
y
)
. (3.6b)
Then, ψ1(y), φ1(y), R1(y), and g1(y) obey the following
linear differential equations:(
y2gcψ
′
1
)′
y2
=M2ψ1, (3.7)
φ′′1 +
2
rc
(
R′1
y
−
R1
y2
)
φ′c +
2
y
φ′1 =
2q2φcψ
2
1
gc
, (3.8)
R′′1 = −
rcy
2
(
q2φ2cψ
2
1
g2c
+ ψ′21
)
, (3.9)
1
y
g′1 +
g1
y2
+
1
rc
(
g′c +
2gc
y
)(
R′1
y
−
R1
y2
)
g′c +
2kR1
r3cy
3
= −
1
2
φ′cφ
′
1 −
m2
2
ψ21 +
1
2
gcψ
′2
1 +
q2
2gc
φ2cψ
2
1 , (3.10)
where M is the effective mass defined by
M2(y) := m2 − q2φ2c/gc (3.11)
which can be negative [9].
The solutions of Eqs. (3.8) and (3.9) are formally given
by
φ′1 =
2
y2
∫ y
∞
[
q2φcψ
2
1z
2
gc
+
φ′c
rc
(R1 − zR
′
1)
]
dz +
c3
y2
,
(3.12a)
R1(y) = R(y) + c1y + c2, (3.12b)
R(y) := −
rc
2
∫ y
∞
∫ z
∞
(
q2φ2c(w)ψ
2
1(w)
g2c (w)
+ ψ′21 (w)
)
wdwdz,
(3.12c)
where c1, c2, and c3 are integral constants. Note that
ψ1(y) is given by Ψ0(1/y), as Eq. (3.7) is equivalent to
Eq. (2.14) by setting y = 1/u. So, all solutions are de-
termined by Ψ0 except the integral constants.
Since ψ1 rapidly decays as ψ = O(y
−λ) (λ > 3/2) near
infinity, the first term of Eq. (3.12a) decays as O(y−3),
which does not contribute to the charge (or charge den-
sity) ρh of the hairly black hole solutions. ρh is given
by
ρh = ρ
(
1 +
2c1ǫ
rc
+
r2cc3ǫ
ρ
)
(3.13)
up to the order O(ǫ). So, equating ρh = ρ, we obtain the
constant c3 as
c3 = −
2c1ρ
r3c
. (3.14)
The formal solution of Eq. (3.10) is given by
g1 =
1
rcy
∫ y
1
(R1 −R
′
1y)
(
g′c +
2gc
y
)
dy −
2
y
∫ y
1
kR1
r3cy
dy
−
1
2y
∫ y
1
y2φ′cφ
′
1dy −
m2
2y
∫ y
1
y2ψ21dy
+
1
2y
∫ y
1
y2gcψ
′2
1dy +
q2
2y
∫ y
1
y2φ2cψ
2
1
gc
dy. (3.15)
To read off the mass (or mass density)M from the met-
ric (3.1a), we need to take the coordinate transformation
T → t:
T = t(rc + c1ǫ) (3.16)
so that the leading term of the metric (3.1a) near the
spatial infinity y → ∞ coincides with the asymptotic
form of the metric (2.3) of RN-AdS4 black holes:
ds2 = −
R2
L2
dt2 +
L2dR2
R2
+R2dΩ22. (3.17)
Substituting Eqs. (3.12) and (3.14) into Eq. (3.15), we
find that the asymptotic fall-off of −gtt component be-
haves as
− gtt = fc(R) +
2ǫχ(ψ1)
R
−
4π(c1 + c2)rcTc
R
ǫ
+ · · ·+O(ǫ2)
=
R2
L2
+ k −
2M
R
+ · · ·+O(ǫ2). (3.18)
Here, χ is a complicated function of ψ1 and it vanishes
when ψ1 = 0. By Eqs. (2.21) and (3.18), the combination
of the constants c1 + c2 is rewritten by χ and Mc as
c1 + c2 =
χ(ψ1)−Mc
2πTcrc
. (3.19)
Note that RN-AdS4 black hole solutions with mass (or
mass density) M = Mc(1 − ǫ) are automatically derived
by setting ψ1 = χ(ψ1) = 0.
We calculate the entropy (or entropy density) S of the
hairly black holes with the same mass (or mass density)
M by using the first law (A18) for a fixed charge (or
charge density) ρ near the critical temperature Tc:
δS
δM
(ǫ) =
1
T (ǫ)
=
1
Tc
−
T1
T 2c
ǫ +O(ǫ2). (3.20)
6Integrating this differential equation under the relation
δM = −Mc δǫ, we obtain
S = Sc + S1ǫ + S2ǫ
2 + · · ·
= Sc −
Mcǫ
Tc
+
McT1ǫ
2
2T 2c
+O(ǫ3). (3.21)
This means that the difference of the entropy (or entropy
density) between RN-AdS4 black hole and the hairly
black hole appears at O(ǫ2):
∆S =
ǫ2Mc
2T 2c
∆T1 = ShairlyBH − SRN−AdS4BH
∝ R2(1)hairlyBH −R
2(1)RN−AdS4BH = O(ǫ
2), (3.22)
and then R1(1)|hairlyBH = R1(1)|RN−AdS4BH . Hence,
by Eqs. (3.12b) and (3.19), c1 + c2 is rewritten by R as
c1 + c2 = −R(1)−
Mc
2πTcrc
. (3.23)
As a check of numerical calculation below, we verified
that the r.h.s. of Eq. (3.19) agrees with the r.h.s. of
Eq. (3.23) within the numerical error.
We obtain the Hawking temperature T from the regu-
larity of the Euclidean solution analytically continued by
t→ iτ as
T (ǫ) = Tc +
rc
4π
(
g′1(1) +
c1
rc
g′c(1)
)
ǫ+O(ǫ2), (3.24)
where the critical temperature Tc is given by Tc =
rcg
′
c(1)/4π. By using Eqs. (3.12), (3.15), and (3.23), T1
in Eq. (3.4) is expressed by
T1 =
rc
4π
(
g′1(1) +
c1
rc
g′c(1)
)
=
1
4π
[
−
rcg
′
c(1)
2
∫ ∞
1
(
q2φ2c(y)ψ
2
1(y)
g2c (y)
+ ψ′21 (y)
)
ydy
+
ρ
rc
∫ ∞
1
q2φc(y)ψ
2
1(y)y
2
gc(y)
dy −
m2
2
rcψ
2
1(1)
]
−
Mc
8π2Tcr3c
(
4πTcrc +
ρ2
r2c
)
. (3.25)
The first term in the second equality corresponds to the
difference of T1 between the RN-AdS4 black hole and the
hairly one. Eliminating ψ′21 term by Eq. (3.7) and using
integration by parts, we finally obtain a useful expression
for the difference ∆T1 := T1|hairlyBH − T1|RN−AdS as
∆T1
Tc
=
ψ21(1)
4
+
1
2
∫ ∞
1
(
m2ψ1 − g
′
cψ
′
1
) ψ1
gc
ydy
+
1
L2g′c(1)
∫ ∞
1
(y − 1)y
gc
(
kL2
r2c
+ 3 + y(2 + y)
)
q2φ2cψ
2
1
gc
dy.
(3.26)
Note that the first integral does not diverge according
to the boundary condition at the horizon; g′c(1)ψ
′
1(1) =
m2ψ1(1).
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FIG. 3: (color online). The q-dependence of ∆S2 for the
solution of Eq. (3.7) normalized as ψ1(1) = 1 in the case of
m2 = −2/L2, ρ = 2. The star, box, and diamond represent
k = 1, k = 0, and k = −1, respectively.
By demanding that the critical temperature in
Eq. (2.3c) is non-negative, we obtain an inequality
kL2/r2c + 6 > 0, which guarantees the positivity of the
second integral. So, by Eq. (3.21), we observe that the
negative part of the effective mass (3.11), q2φ2c/gc, in-
creases the entropy of the hairly black hole at the second
order O(ǫ2).
If the hairly black hole appears as the final fate of the
instabilities found in Sec. II, the entropy of the hairly
black hole should be larger than the one of the RN-AdS4
black hole according to the second law of the black hole.
To check this, we numerically calculate the entropy dif-
ference between the hairly black hole and the RN-AdS4
black hole:
∆S2 := S2|hairlyBH − S2|RN−AdS4BH (3.27)
by integrating Eq. (3.26) for various values of m2 and
k. Since we are only interested in the sign of ∆S2, we
numerically calculate ∆S2 for the solution of Eq. (3.7)
by normalizing as ψ1(1) = 1.
In Fig. 3, we plot ∆S2 for various q and k in the case of
m2 = −2/L2 and ρ = 2. Fig. 4 shows the q-dependence
of Log10(∆S2) for various m
2 in the case of k = 0 and
ρ = 60. Both figures indicate that ∆S2 is positive, inde-
pendent of the mass m2, charge q, and curvature k.
We also give a further evidence that the hairly black
hole constructed above appears as the end state of the
instabilities found in Sec. II by calculating charge den-
sity ρ˜ outside the black hole horizon. ρ˜ on T = const.
hypersurface Σ is calculated at O(ǫ) as
ρ˜ = jan
a = 2ǫ
q2φc(y)√
gc(y)
ψ21 =
2ǫq2ρ
(
1− 1y
)
r2c
√
gc(y)
ψ21(y) > 0,
(3.28)
where na is the past directed unit normal vector on Σ.
So, positive charge is distributed outside the hairly black
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FIG. 4: (color online). The q-dependence of Log10(∆S2) for
the solution of Eq. (3.7) normalized as ψ1(1) = 1 for various
m2 in the case of k = 0, ρ = 60. The star, box, and diamond
represent m2 = −2/L2, m2 = 0, and m2 = 7/4L2 , respec-
tively. At the left edge of each plot, the RN-AdS4 black holes
become almost extremal.
hole. This agrees with the result (2.23), where the pos-
itive charge is shown to be extracted from the horizon
via the complex scalar field when RN-AdS4 black hole
becomes unstable.
IV. CONCLUSION AND DISCUSSIONS
We have investigated instability of RN-AdS4 black
holes with various topologies against perturbation of
charged scalar fields with various masses near the sec-
ond order phase transition. Near the phase transition
where the scalar field begins to condense, all fields are
expected to evolve very slowly according to the critical
slowing down [10, 11]. So, we obtained a useful expres-
sion for the lowest QN frequencies of the RN-AdS4 black
holes by solving the scalar field equation (2.8) pertur-
batively around the the phase transition. It is numeri-
cally shown that RN-AdS4 black holes become unstable
against the perturbations below the critical temperature
Tc. By Eq. (2.23), we found that the charge extraction
occurs from the RN-AdS4 black holes during the unstable
evolution.
To see the final fate of the instabilities, we have also
constructed the black hole solutions with the scalar hair
by solving the field equations (2.2) perturbatively around
the the phase transition. We found that the negative part
of the effective mass M2 of the scalar field (3.11) in-
creases the entropy. The numerical calculations indicate
that the entropy of the hairly black holes is always larger
than the one of RN-AdS4 black holes in the microcanon-
ical ensemble whenever RN-AdS4 black holes are unsta-
ble. As indicated in Eqs. (3.28) and (2.23), the positive
charge density outside the hairly black hole is extracted
from the RN-AdS4 black hole. These facts suggest that
the hairly black holes are the final fate of the instabilities
of RN-AdS4 black holes, independent of the topology of
the horizon and mass of the scalar field. So, this is a
universal feature of the charged complex scalar system.
Since the charge is extracted from the RN-AdS4 black
holes, the instability against the complex scalar field is
very similar to the superradiance phenomenon where en-
ergy is extracted from a rotating black hole. The unsta-
ble modes inspired by superradiance were recently found
in Kerr-AdS black hole [15] only when the Einstein uni-
verse at the AdS boundary rotates faster than the speed
of light. This is due to the fact that a global timelike
killing vector field does not exist in the rapidly rotating
case [16, 17]. Refs. [16, 17] also claim that there is no un-
stable mode for any linear perturbation equation when
spacetime possesses a global timelike killing vector field
ka = (∂t)
a and the energy current Ja := −Tabk
b satisfies
the conservation law ∇aJ
a = 0 and the dominant energy
condition., i.e., JaVa ≤ 0 for any future-directed timelike
vector V a.
At first sight, this seems to contradict the unstable
modes found in this paper, as they satisfy the dominant
energy condition for m2 ≥ 0 and RN-AdS4 spacetime
possesses the global timelike killing vector field ka. How-
ever, the energy current Ja of the scalar field is not con-
served for the fixed gauge potential Aa in Eq. (2.5), as
easily checked. This does not satisfy one of the condi-
tions of the claim mentioned above. Thus, energy can be
transferred from the gauge field into the charged scalar
field, like particle creation by an external field.
In the asymptotically flat case, the superradiance scat-
tering by a complex scalar field occurs for RN black holes
and the reflected wave is amplified by the scattering po-
tential [18]. The condition for its occurrence depends on
the sign of the gauge coupling q. In this sense, the insta-
bilities found in Sec. II is different from this usual picture
of superradiance since ωI in Eq. (2.20b) does not depend
on the sign of q. A detailed analysis would be necessary
in this direction.
In this article, we restrict our interest into the pure-
electric case. As shown in Ref. [14], the plane-symmetric
RN-AdS4 possesses an inhomogeneous scalar hair with a
vortex lattice structure under the probe approximation
when magnetic field is included. It is one of interesting
directions of our research to investigate what happens
when the back-reaction of the inhomogeneous scalar field
onto the geometry.
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8Appendix A: The first law of black hole
thermodynamics
In this appendix, we verify that the first law of ther-
modynamics holds for the asymptotically anti-de Sitter
black hole with the complex scalar hair ψ, for any value
of k of the 2-dimensional Einstein space. To do so, we
follow the method developed by Wald and collaborators
[19]. Although it can be applicable to rotating black
holes, for simplicity, we focus on the static black holes
with the 2-dimensional Einstein space of constant curva-
ture.
We start with the variation of εc1c2c3c4L(gab, Aa, ψ),
which is written as
δ [εc1c2c3c4L(F)] = εc1c2c3c4 ∇b Θ
b(F , δF), (A1)
where εc1c2c3c4 is the volume element of the spacetime,
F denotes the field variables gab, Aa, and ψ, collectively.
Θb(F , δF) in Eq. (A1) is derived for the Lagrangian
density (2.1) as
Θb(F , δF) = Θb(g)(F , δF) + Θ
b
(A)(F , δF) + Θ
b
(ψ)(F , δF),
(A2)
where
Θb(g)(F , δF) = gcd∇
bδgcd −∇cδg
bc, (A3)
Θb(A)(F , δF) = −F
bcδAc, (A4)
Θb(ψ)(F , δF) = −(D
bψ) δψ† − (Dbψ)†δψ. (A5)
When the variation δ is given by infinitesimal diffeo-
morphism, i.e., the Lie derivative Lη along an arbitrary
vector ηa, the current Jb(F , η) defined by
Jb(F , η) ≡ Θb(F , LηF)− η
b L(F) (A6)
is conserved on shell, and we can find the Noether poten-
tial Qba(F , η) of Jb(F , η), such that
Jb(F , η) ≡ ∇aQ
ba(F , η). (A7)
For the Lagrangian density (2.1), Qba(F , η) is derived as
Qba(F , η) = Qba(g)(F , η) +Q
ba
(A)(F , η), (A8)
where
Qba(g)(F , η) = ∇
aηb −∇bηa, (A9)
Qba(A)(F , η) = F
abAcη
c, (A10)
and the contribution to Qba(F , η) from the scalar field is
absent [20].
In particular, when ηa is a Killing vector ξa, one can
show
0 = δ
∫
∂Σ
1
2
εbacd Q
ba(F , ξ) +
∫
∂Σ
εbacd ξ
bΘa(F , δF),
(A11)
for an arbitrary hypersurface Σ. In order to derive the
first law, we choose as ξa the timelike Killing vector ka
that becomes null at the horizon, and Σ to be a space-
like hypersurface connecting the spacial infinity and the
bifurcation surface B of the black hole horizon, which we
assume to exist.
Thus, the boundary ∂Σ includes the whole (in the case
of k = 1) or a portion (for k = 0 and k = −1) of B and
the 2-dimensional Einstein space at infinity. In addition,
in the case of k = 0 or k = −1, there are other parts of
the boundary, because the 2-dimensional Einstein space
is not closed. However, in this case, we respect the isome-
tries of the 2-dimensional Einstein space in choosing Σ,
and impose a periodic boundary condition at these parts
of the boundary. Then, the contribution from these parts
of the boundary vanishes in Eq. (A11).
We define the total mass (for k = 1) or the mass den-
sity (for k = 0 and k = −1) of the black hole, which we
denote as M , by
M ≡
1
4w2
∫
∞
1
2
εbacd
[
Qba(g)(F , k) + 2 k
[bBa](F)
]
,
(A12)
where Ba(F) is defined by
δ
∫
∞
εbacd k
bBa(F) =
∫
∞
εbacd k
bΘa(g)(F , δF), (A13)
and w2 is the area of the whole (for k = 1) or the portion
(for k = 0 and k = −1) of the 2-dimensional Einstein
space with the metric dΩ22. It has been shown [21] that
the mass defined by Eq. (A12) coincides with other var-
ious definitions of mass. The electric charge (or charge
density) ρ of the black hole is defined as
ρ ≡
1
w2
∫
∞
1
2
εbacdF
ba, (A14)
and the static potential is given by −kaAa, as usual. The
gauge invariant quantity associated with the static poten-
tial, in the first law of black hole thermodynamics, is the
difference of its value between the horizon and infinity.
Since ka = 0 on B, this quantity is shown, in a regular
gauge, to coincide with the chemical potential µ of the
field theory, due to AdS/CFT, as
(− kaAa|B)− (− k
aAa|∞) = k
aAa|∞ = µ. (A15)
Furthermore, for the boundary condition Eq. (2.11) of
the scalar field, ψ ∼ r−∆+ , and we have∫
∞
εbacd k
bΘa(ψ)(F , δF) = O(r
−2∆++3), (A16)
which shows that the contribution of the scalar field at
infinity vanishes since ∆+ > 3/2.
Therefore, by defining the entropy (or entropy density)
S of the black hole as
TS ≡
1
4w2
∫
B
1
2
εbacd Q
ba(F , k), (A17)
9and noting k[aF bc] = 0 and the fact that ka vanishes on
B, we obtain the first law as
TδS = δM −
µ
4
δρ. (A18)
While one can explicitly derive Eq. (A18) for the RN-
AdS4 black hole, from Eqs. (2.3c), (2.4), and (2.5), it is
satisfied also for hairy black holes.
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